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In this paper we make some remarks on the generalization of Taylor’s formula
from S. J. Karlin and W. J. Studden (“Tchebycheff Systems: With Applications in
Analysis and Statistics,” Interscience, New York, 1966). We also give some
applications. € 1987 Academic Press, Inc.

Let w, (i=0, 1,.., n) be functions of class C" " [a, b], either positive or
negative on [a, b], and let D,, j=0, 1,.., n, denote the first-order differen-

tial operator (see [1])
_d(f{)
(D)= (——)

W/(t)
The following is a generalization of the well-known Taylor’s formula:

THEOREM 1. Let fi[a,b]> R be a vreal function such that
D'f(x)=(D,D, ., - Dy f)x) is contivous on [a, b]. Then

f)=3% aW{c)+R,(1)  (Vie[a b]) (1
i=0
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where ¢ € [a, b],

a,= D’ 1/(5 )wdc) (i=

0, l,mD 'f=f),

(2)

Wt x) = nomj: W <sl>J:' »rv2<s3)-~J":‘ s dsgords, (3)
for k=1,...n and Wy(t; x) = w,(t); and

R, = J W, (t; x) D'f(x) dx = Df (u) J W, (6; x) dx, (4)
where u € [min(c, 1), max(c, t)].
We also have
¢;= lim WR( l oy
k lR .
a.=lm 3 SIE nw(vi.) --'fz'l(lxi(v) “ds, ©)

(for k=0, 1,...i (for k=i we get (2), and for k=0, (5))); and

4y=— S lim R (7)
owy frw (ys)ds
ko ,
. 11m D" R, ((y)
wi(c j w( ))f Wy or (S, 4) "jf"zwz si_yds; oodsy, ds
(8)
(k=0,1,.,i—1).

Proof. Applying integration by parts to

o~

R

. [V aT I
,,:J W (t; x) D"f(x) dx=u[‘ Wt x)(—l (DT({C—()\—)) dx,

we obtain

o 22 S (),

e w,(x) dx
no 1
I PR A G jw

(t; x) D" f(x)dx,
w,(c)
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since

I dw, (4 x)

w,(x) dx

= - Wn I(I; X).

Continuing this process we will finally obtain (1) with coefficients «, given

by (2).
On the other hand, (5) could be written in the form

R; _i(x)/wy(x)
a;= lim :
e frwy(sy) o T vwdsy) dsy o dsy

then, using L’'Hospital’s rule, we get

. DoR, 1(x)
a,= lim , .
coe wi(X) [ walsy) o ftw(s;) ds o ds
Continuing this process we obtain (6) and, finally,

a,;=lim D' 'R, (x)w,(x)= D' f(e)wc)

X

Note, also, that (7) could be written in the form

a4 = 1 llm Ri l(} /Mu .
Cowde) e [EEwls)) frwg(sa) i (s ) ds odsyds

s

then, using L’Hospital’s rule, we get

w— i DR, (1)
o) e [Ewip) [Ewalsy) o rw (s ) dsy o dsa ds

1

Continuing this process we obtain (6) and, finally, for k=i—1,

1 ; Dl ‘R, 1(}’) 1 DR (p)w ()
a,= - lim
w vore j W »: ds Wi(C) Ve y—rc
=D'" lf( )wile

Remarks. (1) For wy(t)=1 and w,(t)=k (k=1..,n) we obtain
Taylor’s formula (and result from [2]).
(2) Theorem 1 is a generalization of some results from [1,
pp. 387-389, 454-456].
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2

Let functions w; (=0, 1,..) have all its derivatives on [a, x) and let
there exist

WJ(ty= lim Wz ),

«

where W (1 ¢) is defined by (3). Then we shall say that

s

=3 aw) (9)

F=0

is a generalized asymptotic series of function /, and the following relations
are valid:

a,= lim R, (x)/wix), (10)

N =

where
i I
R, (x}=f(x)— Z ay Wi(x)
k=0
and
D" 'R, (x)
a,= lim . — , (11)
e wlx) j; w15k I)J.\;' Pwils)ds; o dsy
e,
a,= lim D' 'f(x)/w/(x). (12)
For wo(x)=1and w/(x)= —i/x’ (i= 1, 2,..), we obtain
X 7
fx)=3% 7: (13)
k=0"
where
n la
a,= lim x" <f(x)— ) ~’;> (n=0,1,.) (14)
o i—0¥%
and
A
a,:(l _'k)'(fl)" lim x' **Ip¥ DR (x) (k=1,.,i) (15)
i ‘v or
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Le., for k=1,

a = i (w2pe vpa) (16)

i! X = 7

where diferential operator D'*'f is defined recursively by

DOS=/ (), DU = (D ()

3

Now, suppose that w, (i=0,1,.,n) are positive functions of class
C" '[a, b]. Then u(t)=W,(r;a) (k=0,1,..,n) is an ETC-system (exten-
ded complete Tchebycheft system). A function f defined on (a, b) is said to
be convex with respect to {u,}§ if

uglty) uolty) = uelt, o)
) ) ' =0
U,,([()) un(ll) T un([n + 1)

f([o) f(f]) f([;,+1)

for all choices of {z,}a*! satisfying a<ty<t, < -+ <1,,,<b. In symbols
we write fe Clu,, t;,..., u,) (see [ 1]).
The following result is a simple consequence of Theorem 1.

THEOREM 2. Let f'e Cluy, Uy, u,). If D"f(x) exists and it is an increas-
ing function on {(c, b) with

DI f(ey=0  (i=0,1,.,mn=1;D 'f=f),

then

7

0<f(1)< D"f(1) f W (rx)de  (Vie(e b))

A simple consequence of Theorem 2 is

THEOREM 3. Let f:[a,b}— R be n times differentiable function on
(a,b). If f(c)=f"(c)=--- =f""D(c)=0, f"(x)(x)>0 (Vx€e (¢, b), c>a),
and if f"(x) is an increasing function on (c, b), then

0 <f(x)<f"(x) (x;'(‘)” (Vxe (c, b)) (18)
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4

In this part of the paper we shall give two applications of Theorem 3.
Note that the following inequalities were proved in [3]:

o o v 3¢ 4+ x2—3
e dt > x>1 d 2 _
JU el 7 (x>1) an L e dr < i (x>0).

Marti¢ [4] proved the following improvements of these results:

Y R ] \7/‘
ol 1 R ——— ) 21, :2, goen
J0< (l>2'\‘< +ZA'2k~l)> (x n 3,...)

and

rx 2 1 bl By
' e dt <— (2 + x"—12) (x>0).
3x

“Q

Now, we shall prove

THEOREM 4. The following inequalities are valid for every x>0 and
n=1,2,.:

b -

0<| e di—= Z S O 19
e N T A1 L _A,ZUF)’ (19)

and

1 1ok —2) XN ey X7 Lo xt
0c (207 LDV g (v oy ),
< ( Zok!(2k‘l)> [lera<s (e 5 k!> (20)

k=0
Proof. Let
" sz

u(x)=2x J“ el dt—ev — ,‘,ZO k—!(2k T

Then #'(0)=u{0)=0 and
2k
u'(x) (e - Z k,)

is a positive increasing function for x> 0; so from Theorem 3 in the case
n=2 and ¢ =0, we obtain (19).
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Now, let

@ k 2),\”\ Yop
b(x)=2¢ —Z 2k_])—3x£)edt,

then v(0)=0v'(0)=0"(0)=0 and

no 3 2k
NG _ 3 > ¥ _ X
v (x)=4x (( E i )

is a positive increasing function for x>0, so, from Theorem 3 in the case
n=3 and ¢=0, we obtain (20).
In the special case we have

0< [ e>’"clt-2—(e“"—l+x2)<%e‘~ (x>0),

v 0 X

and

o, R R
0<—(2€“"+x*—2)7J eCdi<Zx%e” (x>0)
0 9

X
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